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Because the Diva formula by levers gives
AW," we get the 3rd term by difference:

AIII = AW — Al — AIl

Aluy +§K)_A(p_:u£ _§K)
/JE+5K p_luE_é‘K

( )*

Remark 1: we can also note it:
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-gx Ky

+( !
P 1+

E
+(q" —1)g’<7K‘?(1—5K +8.)

E 5[(
The second term has the same form as the
first but applied to the investment (instead
of the initial capital) and with a one year
shift which implies a one year discount
(division by : 1+, ) so we can used the
same one order closed development than
the first term.
Remark 2: in this expression all p have the
same value, but as we do in chapter 1.4 it is
possible to make difference of return for

each type of investment: p, for K (with
q"); p,, for the investment of the first year

inv (with ¢, ), and for the investment of
the others years.
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An alternative is to use directly the
FCFinside the formulas (not return on
capitals and capitals)

All this key strategic levers could be
managed in dashboard and use into two
different ways:

-to analyze the past and understand how
much wealth has been created and over all
why were the inductors

-to define the policy and the objectives
inside the company (not only for the
company) because the wealth can be broken
down we can give the objectives by units,
by process link to the target value.

And other case is for analysts to do forecast
of the value and understand evolution

1.6.5 Calculation of parameters
Depending on whether you are inside the
company or outside the company, you are
in a predictive mode or in an analysis mode,
some parameters need to be calculating
indirectly. We give here different ways to
calculate them with the less of known
parameters. Readers will use them
depending on their needs

a) computing g,

For example knowing v, FCF, and u, We use
FCF, _ FCF,(1+gy)

- (/JE _gK) - (ILlE _gK)

this gives us the expected net growth at

time t0:

Vo

M5V, — FCF,
V, + FCF,
the initial common growth of K, FCF and V

We get: gy = where g, is

Remark: we have considered that FCFo is
the best way to have an expectation of
FCF]1, but if the firm gives his expectation
of FCF1 it could be more appropriate to
used it and in this case we have to adapt the
calculation of g

b) computing the economic obsolescence
8

Generally the obsolescence is given by the
accounting approach. The approach is to



use the Enterprise value and its capitals
employed, computed the WACC or the
return on value expected, then knowing the
expected FCF of the following year we
deduct then the growth g expected, and then
knowing the obsolescence we get the
investment part for the future g’, and then
we deduct from all this the return on capital
expected.

Another alternative is to define the
obsolescence as the difference between the

expected growth in capital
invl inv0 !
?:?(l+gK)=gK and the net

0 0

growth in capital g, .This permit to define
an economic (market) obsolescence of the
capital which includes all kind of
obsolescence: technologic, product and
service obsolescence, loss in
competitiveness, customer approach...

Remark 1: if we built a case where the
initial capital is the initial value (we
suppose the whole company is sold, or we
take the shoes of a new enterprise holder
combining stock and debt) we obtain an
initial q of Tobin equal to 1 and we can
define a general reference for the

obsolescence rate on value dy, .

¢) the growth’s link formula:
If we note the realized growths between
two instants g, ¢, and g, then we have:
W* -V, V-V +FCE - FCF, + FCF,
vy 48
FCE' - FCF, FCF)

+ 0 + 0

Yo Vo

0 X _ 0
. FC{)’O 1+ FCF, FOCF0

) FCF,

gw =

14

Thus:
CF, FCF" (14 g pcr)

=g, +——A+gpr)=g, + —= e
gw 8y V[)(] ( gl-Cﬁ) 8v V(]() (1+gK)

And then:

FCF,) FCF" (14 g v )
=g, + 1+ =g, + —r
gw = 8v VUO I+ 8rer) =8y Voo (+g.)

So we obtain the growth’s link formula:

262

(I1+ 8 per )
A+gy)
Note that g is the initial common expected

growth of K, FCF and V but the other
growths are dynamic realized growths

gw =8yt (g —8x)

c¢) what becomes the x. (and the
WACC)?
We can calculate the WACC thanks to the
CAPM.
In this case all important jumps in value are
linked to the difference between the growth
in wealth and the WACC. So the choice of
the period to calculate the WACC is
crucial; for a past long period, we observe
on the market Stock Exchange (including
dividends and debt coupons) the growth of
wealth not the WACC as a measure of the
cost of the time and of the risk due to the
activity.
Remark: Another way to get the WACC or
the drift of the enterprise is by using the
growths formula:

(+gx)

A+ 8 rer)
Note that in the particular case where

My =8 t(gyw—8y)

gk = &rer = &y theni g =wacce
d) other growths
Note that it is possible to calculate also
g« as:
_ (8w —8y)

(I+ 8 rer)
1+ (8w —8v)

(I+ 8 per)

Note that:

(g

8k =

x A P =8,
1+ g0 = (14 g5y + P58k,
(P —8«)
1.7 Application to significant cases,
Calculation based on large companies

1.7.1 Application to a significant case

In this section we will present an analysis
of major companies. All data are in millions
dollars (or in the currency of the corporate
headquarters: euros or pounds), and are
generally extracted from nasdaq.com. We
first begin with the case of a company



analysis for one year, making the
comparison between the value and expected
wealth created at the end of the year
compared to the results obtained one year
after.

In order to avoid some accounting effects
we use the Statements of Cash Flow
published by Nasdaq.com instead of using
the Income Statements.

Below we present the
obsolescence approach.

economic

The initial state is the following:

Then we can make different analyses:

Vo 102,893
muEO0 10.17%)
20=(muE*VE(-FCF0)/(VE0+FCF0) -0.62%
IE(inv1) 5249
g'0=inv1/K0 6.85%
muE(-g0 10.79%)
ic delta =g'-g 7.47%
IE(fcf1)=(1+g)*FCF0 11,097
IE(fcf1+invl)=cfop+int dett 16,346
IE(ro0) 21.34%
IE(roce0*)=IE(ro0-delta0) 13.87%
1E(ro0)-g0' 14.49%
IE(dVE)=gVE -635
IE(FCF1) 11,097
IE(dW) 10,462
One year after we have:
V1Enterprise Value realized 97,071
reembursment=-net borowing 4,367
=-Dividends Paid 3,195
=-Interest Expense "cash" 3,155
=-recapitalization 0
W1x: Wealth before allocation 107,788
FCF1x: FCF realised 10,012
V1x Enterprise value before allocation of FCF 97,775
muE1x 10.10%
g1x=(muE1*VE1x-FCF1x)/(VE1x+FCF1x) -0.13%
INV1x investment realized 7,006
INV2x 6,997
2'1x=INVIx/K0 9.15%
ec ic delta =g'1x-glx 9.27%
feflx+invlx=cf op+debt interest 17,018
rolx 22.22%
roceix” 12.94%

1) Analysis by type of investment: initial capital , investments of the year, future

investments
Expected added wealth at to
0 VO % of Vo 102,893
return of coming year roKo (before capex and obsolescence) 15.89% 16,346
obsolescence  -roKodeltaO/(delta0+muEo) -6.73% -6,922,
1 Net return of the year of initial capital 9.16%) 9,424
return of future years roKo/muE 156.24%| 160,756
obsolescence -(roKo/muEQ)*(delta0/(delta0+muEo)) -66.17% -68,079
2 Net return of future years of initial capital 90.07%) 92,677
3 cost of obsolescence of initial capital -72.89% -75,002
1+2=4 NET RETURN EXPECTED OF INITIAL CAPITAL 99.23%) 102,100
5 return on investment expected and of its descent 10.71%] 11,016
6 obsolescence effects -4.53% -4,665
7 expected investment=INV1=(1+g)INVo -5.10% -5,249
8=5+6+7 Net return of investment of the year (including its discounted descent ) 1.07% 1,102
9 Net Return Of Future Other Investments (including investing costs) 9.87% 10,153
8+9=10 NET RETURN EXPECTED ON INVESTMENTS 10.94% 11,255]
4+10=11 TOTAL W1 EXPECTED 110.17%] 113,355
1+5=12 expected FCF of the year 10.79%) 11,097
13 effect of future FCFs: gVo -0.62% -635]
12+13=11-0 Jdelta wealth expected =muE*Vo 10.17%] 10,462
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explanation of change in wealth created

change in gross return of coming year (delta ro)Ko 672
change in obsolescence -1,223
Change in net return of the year -551
change in return of future years roKo/muE 7,736
change in obsolescence for initial capital for future years -12,570
Change in net return of future year for capital -4,834
change due to delta obsolescence effects -13,793
CHANGE IN NET RETURN EXPECTED FROM Ko -5,385
change in return on investment expected 4,395
change in obsolescence -2,711
INV1x-INV1 : delta g' (negative=increase of investment) -1,757
Change in net return of investment of the year -73
Change in expected return of future investments -109
CHANGE IN NET RETURN EXPECTED FROM INVESTMENTS -182
Total change in wealth realised -5,567

Wealth created and realized at t1
return of the year realised before capex and obsolescenc] 17,018]
-8,146)
Net return of the year 8,872
return of future years 168,492
-80,649
Net return of future year for capital 87,842
cost of obsolescence of initial capital -88,795|
NET RETURN EXPECTED OF INITIAL CAPITALS 96,715,
return on investment 15,411
obsolescence effects -7,376
investment realised -7,006
Net return of invest of the year and its descent 1,029
Net Return Of Future Other Investments 10,044
NET RETURN EXPECTED ON INVESTMENTS 11,073
Total wealth W1x realised 107,788|
FCF1x realised of the year 10,012|

Remark: this example is an application of an analysis of the past; reversely we can inverse the
model to build a predictive model or a model to define the budget necessary to reach an

objective of value for a company.

2) Analysis by cause and control lever

Change by lever percent of VO
1 INITIAL ENTERPRISE VALUE VO 1 102,893

MuEQ: delta wealth expected 10.17%) 10,462
3 Change in Gross Return: (1+muEO0)delta(ro)/(ro0-g'0) 6.67% 6,863
4 Change in Obsolescence: -delta(deltaobsol)/(muE-g) -18.42% -18,956
5 -(1+muEO)delta(g')/(ro0-g'0) -17.44% -17,947
6 (1+muE)deltag'/muE-g 23.43% 24,108
7=5+6 Change in wealth by realized change in g' 5.99% 6,161
8=3+4+7 Sub Total change in capital+inv productivity -5.76% -5,932
9 Change in risk -(1+muE)(deltamuE/(muE-g )) +delta muE 0.63% 646
10=8+9 sub total first order changes -5.14% -5,286
11 other order changes -0.27% -281
12=11+10 Total Changes Realized -5.41% -5,567
13=2+12 Total Delta Value Realized 4.76% 4,895
14=1+13 TOTAL WEALTH W1x realized 1.0476 107,788

It is easy to check that :

ATWZ(H;JE + A+ 20 12141010 %) +
, q

So this formula and the two parameters

Mg and ¢ and their change are central.

Note: if you use the approximate formula :

AV_W = Uy, +M you get 5.25%, that is a
q

t

little bit different

It is possible to combine the 2 approaches
to provide analysts with more explanation.

(1.2781-1.3433)

—1=476% 1s exactly the same result

1.3433
that the one you get in the chart above: 1.0476
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1.7.2  Calculation on large companies

We have made the analyses on major
companies as General Electric, Apple,
Google, Qualcomm, Microsoft,
IBM,Exxon Mobil Corporation,General
Motors, BP, Altria, Procter Gamble...
during a year and over several years period

It appears that:



the growth in wealth obtained every
year differs consequently of the
expected wealth created

even if the difference in value can

1.8 Diva in a standard geometric
Brownian approach

We will only focus on the change of

decrease sometimes, on a returns effects
multiannual basis a significant vV = (P — (g DK,
difference persists. L (U — g +0y)

the market corrects often too much
the values annually and revises it
one year later

in consequence the firms have
interest to manage very precisely
there announcement and targets in
order to limit extra volatility

the use by firms of economic tools

Note the effect of change in return of
investments of the year and not to the
change of amount of investment during the
year.

Considering V,, p,, K, ,wacc, 5, as
geometric Brownian motions and using Ito
formula we get:

. . gydt+o,dz, =
making the links between the ¢ p ettt
market value and the business plans di(g' =Gy +—— P - SIS0

. . . (PK—gK) (ﬂb‘_gk"'a[()
seems indispensable and essential g ‘g
enterprise quoted on the stock P X
. . . . (Px—8x) (Mg —8x +6k)
exchange will have interest in using .
) ! ) , 0,Pxdz, O, MHdz, +0;0.dz;
internal financial analysts  and O dzy +— ;
(pK_gK) (ﬂ[;‘_g[(+5[()

external analysts to arrest the real o P! o i
economic effects of the political +di(—— et correl(p, 1)

. . (pk_gK) (/‘lE_gK+6K)
choices envisaged ,

o-/)pK * 0-56K

- - - correl(p,0)+..)
(Px —8x) (Up—gx+0¢)

Where “correl” means correlation.
Because dW = FCFdt +dV

this formula adds correctives
previous formula.

We retrieve the first term of growth: u,dr

and all its correctives.

the figures show that a change in a
parameter leads very often to an
opposite change (however less
important) in another parameter in
order to cancel a part of the change
in value, in other words to maintain
the free cash flow expected the
following year (for example a
change in the market

risk is not totally report on the
value of a firm )

on a technical point of view on one
hand the wuse of accounting

to the

1.9 Divaina jump Model

The dynamic approach leads directly to a
jump model. Effectively writing:

inv I
—q° )

AINV
8y =8k +(?+(q

0
obsolescence lead more simply to 0 Vo
more stable results but in the other ¢ AINV Apy
. +@ -D——+1=0)———
hands the wuse of economic Vs (Px —8x)
obsolescence can stress in advance Awace (1+wacc—g.)

some risks due to information ~(1-9) «

overvalued by the market; in every
case the use of ROCE leads to
stable interpretation.

(wacc— g, +68,) (wacc—g, +6,)

warrﬁ,pn _
+ C Stochastic ) =8k + JV

leads that every model becomes a jump
model.
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d7V =(g, —AKx)dt +0o,db, + (Y —1)dN,

The random value (Y —1)=J represents

the percentage of change in value when a
jump due to an unexpected change (in
productivity, return, amount of investment,
risk...) occurs. We consider improvement
and innovation as a Poisson process that
we have noted N. (Note: At a
macroeconomic level it could be linked to
the rest of Solow).

We note A the average number of change
by unit of time.

The average expected change in value is:

Ax*dt = ME((Y —1)dN) = (AH\([)V +(q™ —q") IN:/
Vo Vo
0
+(q"—1)A”\£V+(1—§) OApK.
Vo (Px —8x)
—(1-6) A"{E - (1+’UE,_gK) A6y )/ At
(M —8x +0x) (Hp—8x +6k)

=J, [(t,—t,) = AEWJ,, | At) = A,
(Note that we can use in the formula the
average jump or the sum of the jump

between the two instants).
2

V, =V, (exp((g, —%V—Andrwvbvmn

i=1

In Merton (1975) the total change in the
stock price is posited to the composition of
two types of changes:

-the normal vibration in price (due to
imbalance between supply and demand,
changes in capitalization rates or in
economic outlook, or other new
information with marginal effects), that is
modeled by a standard geometric
Brownian motion

-the ‘“abnormal” vibration in price due to
the arrival of important new information
that has more than a marginal effect in

price, modeled by a Poisson driven
process , where events (arrivals of
information) are considered to be

independently and identically distributed.

The DIVA approach explains that these
jumps are due to important expected
changes in operational activities (and due
to market risk change due to change in , )

and give the link —the dynamic- between
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jump in activity and jump in value; we see
where the information comes from.

Note: it is possible to find directly the
formula of the jump model by using jump
models for K, g’ ....

The cost of capital is becoming:
du
IE + £
(U 5 )
dNﬂL
g +1IEW , " V=Mt A, K,

which is different from the expected return
on wealth:

dw du dq
IEH—)=IE((+u, +—2)1+—>))—1
E(‘é dt) ((A+ 4 & ) y dt))

(See Appendix D for this direct approach)

2 The value
approach

division alignment

2.1 Introduction to the
alignment

strategic value

When we want to manage units, it is
simpler if the managers and employees
have a direct access to the value they
create for the firm. Because value is
additive we can break down the
enterprise value into market, business
unit, line of products and even by
products which is the finest element:

VE = Z Z Z Z Velements
Markets Busin essUnits LineOf Products products
That is the same for DIVA:

DIVAE = Z Z Z ZDIVAelements

Markets BUs  LOP products
We can make a comparison between
DIVA and EVA: where EVA looks like
to sum the value created each year —as a
Riemann integral does- (and need to
calculate MVA to analyze the value for
the future) the DIVA looks like a
Lebesgue Integral which makes sum by



business unit and market or give the
result at the Enterprise level.
Activitics
{ Produc] DIVA i
L;ne of :
Product i
........ »
Dusiness N
] Tnit E>1
ﬁﬁt.ex.'p.n.sé ------- -? TpmTTmmmmmmmmmm s
Tear Tear
1 1 ['uture

The very important difference between
EVA and associated MVA calculation is
the way to take into account the time. The
DIVA approach is a sustainable value
approach, looking at first to the value
durably created for the future for the
enterprise with the possibility to study it
at different level of the organization of
the firm (market, line of product, business
unit, and product). Diva is a way to
calculated directly the wealth added free
cash flow and value of the enterprise.
Because these values are known by the
market and the enterprise it is easy to
define the parameters of the model and
reversely to check the validity of the
model when it is use to make forecast

However if organization has the same
break down than market or products until
business unit or line of products , under
this level the operational unit are very
often organized by process. To make the
link between Business unit and their
processes it needs to break down the
value into indicators: FCF, return,
WACC, g...

Robert S. Kaplan, and David P.Norton
show that alignment of business and
support units, boards of directors, and
external partners with corporate strategy
and create a governance process is a
source of economic value. In this order
they define the balanced scorecard and its
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four axes: finance, customer, internal
process, and learning. In this chapter our
objective is only to give a value
alignment process not to focus on the
four levers and axes of the balanced
scorecard. We are not looking to the four
players -stockholders, clients, enterprise
(processes), employees- but to the
indicators  constituting the  value.
Moreover we are looking to other
stakeholders who take advantage:
Government (taxes), Providers firms.

The total valued economic due to a firm
can be summarized in the formula giving
the Customers Value (or Revenue Value)
by discounting all the flows (revenue and
costs):

Vi = CustomersValue =V, .. +V o
= Enterprise _Value + Employees _Value

+ Providers _Value + Government _Value

And we are saying that alignment is
given by managing (see next chapter) the
value for every stakeholder.

So the balanced Scorecard and this
approach lead to analyze:

Scorecard | Player Value

Finance Stockholder | Vv,

Clients Clients Ve

processes Enterprise contributions
teams &|toV,
Managers

learning Employees V ages

purchase Providers Vi
Enterprises

debt Bank v,

And we can add: Tax for Government

We want to make clear links between value
of the enterprise and all the activities of a
company giving a way to all business units
to build their alignment.

Note that the Enterprise value is




* ne1_ s\ * *
VOZZFCFO (1+g)"A-0)" FCF, _ FCF,

(1+7r)"
where "1" represents the risk on activity
or still:

__ FCF
" (wace—gy)

— (Px _g;()Kz - (Px — (gx + 0K, - (px — 80K,

(wacec —gy) (wacc —gy) (wace —gy)

We clearly can see in that formula that the
value is a result of the three levers: FCF",

Risk/Quality and Time (including growth)
The Fcr’ seen itself as a result of the

productivity of capital resources and of
human skills.
The usual triptych cost/quality/time must
be shift into the new triptych:
FCF/risk/time (sustainability and growth)
Taking a simplify hypothesis of common
growth we can define the Customer Value
as the expected expenses of the customer
by: Revenue,  (which can
(wacc—gy)
decrease due to the competition and
increase due to the innovation) and so the
Employees Value: EmployeesV, = Wages,
(wacc —gy)
And so for the government and so for the
providers. In that economy all the value are
additive and provide the Customers Value.
The Shareholders Value is at the beginning
of the history and the Customers value is a
central condition for duration and creates
again Shareholders Value.

CustomersV, =

To make all the managers responsible for
the value, they need to have a clear vision
of their contribution if they make changes
(or not), of their current contribution and
of their predictive contribution.

Because the value is additive, it is simple
to divide the value by business unit, market
and line of product sufficiently big to have
no problem of important shared resources
we cannot allocate.

It is possible to continue and have a look
by product as the marketers need but for
operational we need a vision by process,

r+i—-g wacc—g
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and in this case it is necessary to make the
link between the business unit results and
all his process triptych results: FCF/risk-
quality/time. We will call that link business
operational model (equations)

2.2 The formal approach

In this approach three axes are important:
a) the mathematical approach of analyzing
indicators, which is the way to break down
a result by unit product and process and by
factor.
This need to use two simple ways:
-Additive: A = A, + A, where A, is defined
by A, = A—A,
Multiplicative: A = 2% A1 x 4
Al A2
b) the modeling approach, which consist to
use the previous breakdown that fits well
to the reality of the business: using additive
breakdown that fits to the organization in
unit products processes, and beginning by
the demand left ratio when it is a
multiplicative factor
¢) and for each business model choosing
the mode you want to use it: explanation of
the situation, comparison to different unit
or period, predictive mode. It is the same
basis model but you can use it directly, or
use its derivative, or use forecasting ratios.

2

2.2.1 Complete Approach
We can write:
Vi = CustomersValue =V pcp. +Voors

= Enterprise _Value + Cost * _Value
The Cost * _Value has a clear meaning for

investments choice. Actually because it is
the discounted addition of the OPEX
(operational ~ expenditure) and  the
investments we have to consider it as the
discounted TCO (total cost of ownership).
This give a clear way to make choice: the
better scenario is that with the lower TCO
including all the future, that means for an
investment project the lower discounted
cost for the duration of the investment plus
eventually the difference of option for the
future.



In other words we can write in a discrete
mode (or in a stochastic mode with
geometric Brownian motion) that:

Revenue, FCF *, Cost *,
wacc— g,  Wacc — g pop  Wacc — g
Then:

Vcosrs
Ve =Ve +Veosrs =V 1+
Ve

—V, (- Cost, ,(+g.), (wacc—gg)

Revenue, (1+g,) (wacc—g.)

To give a more pragmatic understanding of
this formula we can use the equivalence
with a firm which as constant flow leading
to the same values:

Revenue,  Revenue,
- — 'R
wacc — gy wacc
*
FCF* —  FCF*
= =V,
wace — g pep wacc
Cost *, Cost *,

wacc — gC wacc
Then the formula becomes:

Cost . ..
V., =V, *(1—-=——=—=_=) which invite to
Revenue,
masters the _Cost ratio.
Revenue

Moreover, in the case where g.,g.are

small compare to the wacc then:
Revenue, (1 Cost *, *(1+ (8c—8r)

Ve =

wacc — g, Revenue, wacc

We notice that the corrective effects
(g c = 8 R)

wacc
And this gives the way to detail the value

depends highly on

2.3 Case of
processes

mature enterprise and

In the case where the realized cost revenue
of two years give a close idea of the future
we can study directly.
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(1+ wacc))

FCF’ « Revenue

* K
_ FCF, _ Revenue K
1
(wace—g,) (wace—gy)
and this leads to analyze:
FCF,  _ Revenue—Cost, _ Revenue(l — Cost, )
Revenue Revenue Revenue

where the ratio _Co5!,__ is easy to study
Revenue

because it is additive and then can be break
down into a sum by product or process.
Note that if we want a perfect approach of
the investment effects or if for a particular
process or product the transformation is
important we have to refer to the previous
paragraph, nevertheless the current Costs*
will decrease a day for a profitable firm
(compare to the revenue). If it is
decreasing, this simpler way of analysis is
closer of the operational apprehension.

.
‘ Cost,
Cost; =——'—*Revenue=
Revenue
Cost. _Process, Revenue_ LineOf Product

Lineof Products Process Revenue_ LineOf Product Revenue_ Enterprise

* Revenue

His lead to study the cost of a process for a
line of products:

Cost, _Process,
Revenue _ LineOf Product

*Revenue _ LineOf Product

Because all companies have a management
of the investment these ratios can be also
studied for OPEX only. We will come
back to that point after studying different
process and mode of usage of business
process model.

We will now use a generic variable as Cost
without defining which variable it is
(OPEX, OPEX+CAPEX, discounted
average), the reader and the finance analyst
will choose the good ratio depending on
what he is studying.

2.4 The After sales process and the
business process model in the analyses
mode



We can formulate the demand for
maintenance by its business operational
equation:

Cost _ AfterSales

Revenue

[ Cost _ AfterSales ] % [ Nb _ Intervention j « [

Nb _intervention NbEquipment

Revenue -
NbEquipment

Remark: for the order and delivery process
the reference for the cost of new deliveries
could be the revenue of these new
deliveries thus the reference is the delta
revenue instead of the revenue.

This gives all operational ratios as the Cost
per Intervention (Cpl), the frequency of
failure (F) and the utility of one equipment
(characterized by average revenue per
equipment: ARPE (or as an alternative by
the average revenue per user: ARPU)

And the organization to fill up this service
by its supply equation, and cost of
management per call (CMpC):

Cost _ AfterSales

_ [ Cost _Management « Nb_Call Cost _ Intervention
Nb_Call Nbr _ Intervention — Nbr _ Intervention

X Nb _ Intervention

or

Cost _ AfterSales

1
= (CMpC * (1 + NolntervRatio) + Cpl )X FreqofInt * *Revenue
(cMpC*( )+ Cpl)x Freqofint*—

We can calculate the number of times we
repair without moving, dealing it only by
call

We can make comparison between two
periods or two units simply by derivate this
formula using:

Axy = xAy + yAx

This provides a
analyzing.

For example:
ACost _ AfterSales

= (ACMpC *(1+ NolntervRatio) + ACp[)X Nblinterv
+ (CMpC * AN()IntervRati())X Nblnterv

+(CMpC * (1+ NolntervRatio) + CpI ) x ANbInterv
And:

dynamic way for
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ANblIntery

*Revenue

1
= AFreqofint *
9o/t ARPE
1
+ Freqofint* A(————) * Revenue
qofl (ARPE)

* ARevenue

1
+ FreqofiInt *
g0/t ARPE

2.5 The Sales Account Managers process
as a predictive model

We now give an example of business
process model which can be used in a
predictive mode.
If we call R the revenue of the unit we
have for example:

AR
R _busin ess _ winned
){ R _busin ess _ winned J

R _business _winned+ R _busin ess _lost

><(R_bu sin ess _ bid
R

where:
( R _ busin ess _ winned j

R _busin ess _ winned + R _ bu sin ess _ lost

1s the rate of success and

(Mj is called by operational the
R

pipe.
This provides a predictive way.

2.6 A relationship model between sales and
customer satisfaction

Churn

RayteofChurn =

None Quality

= None Quality Elastici
Quality ty 100

ARevenue = —RateofChurn* R+ ARPU * AnewClients + g, R

The quality effects are difficult to measure
because they have an effect in % link to the
growth of revenue, but the effect of a
growth under the value is very significant
(for example 1% of growth can represent



10% of value creation; the none quality
effects could be small compare to 1% and
thus they need precise customer
satisfaction surveys ). We can add to this
formula an effect of the none quality on the
number of new customers.

2.7 Management of investments

Sometimes projects are clearly
independent and managing each project
independently is quite easy (VAN, ROI...).
In large enterprises it is often very difficult
to appreciate the result of one project
because a result depends on different
project, and each manager claims the
gains. So a way to assure the result of the
firm is to better prepare budget over many
years and estimate clearly the multiannual
impacts, including them into the
operational target. In this way the Diva
approach can be use to give objectives of
growth and development (or at least
maintaining the value).

A good way to use Diva is to build first a
zero investment scenario and after to
negotiate objective using the return
targeted.

3 The Theory of success

3.1 The elements of a successful system

a) Objective and measure

To determine if you have succeeded, it is
first necessary to choose an objective and
find a measure with the less of bias between
the objective and the measure.

For example, considering the delivery of a
service, if  the objective is the total
customer satisfaction (measure by survey for
example), the measurement of the average
required time has a significant bias with the
customer satisfaction objective.

Making improvements or moving towards
more quality requires measures and more
precise figures to appreciate the progress.

It is thus necessary to have a measure. In
budget controlling we often use indicators
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but a measure system is something very
precise as in mathematics.

It is important to clarify that a System (S) is
measured by a measure (m) if and only if the
following 3 fundamental properties exist:

- the whole system is measured: m (S)

-for any measured part its complementary is
also measured

- the addition property of the partitions is
realized, this means that for separate sets:

m (Al U A2 U An) = Sum(m (A1))

This can be summarized by the Pascal
approach «I consider impossible to
know the parts without knowing the whole,
as well as to know the whole without
especially knowing the parts.” This takes on
an extreme importance in management
control. Why present action plans to make
big earnings if the total leads to a decrease
in profit because we failed to show the
complementary activity and the total?

As a result it is necessary to define a fine
partition to closely manage the evolutions.
This means divided the system into parts
which are significant, which are evolving or
which will evolve. It is not necessary to
detail the complementary but to manage it.
The total must always be measured. This is
not only the basis of management control
but also a condition to guarantee success

We have to distinguish various types of
objectives:

Effective-ability: the result is
independently of the resources
Efficiency: the realized return ratio is
satisfactory compared to the resources
which are used

Performance: the realized return ratio

(results /resources) is better than competitors
do.

reached

b) Reaching the Objective

Let us take a system S leaving an initial
state S1, which sees occurring events Ei.



Without reaction it passes from level S1 to
level S2, lower than S1. It is thus necessary
to generate a reaction R to return towards
S1. This reaction must be sufficient and
rapid enough not to fall below a tolerated
threshold.

In a pragmatic way, we need the system to
be responsive enough to keep the result it
has attained.

Responsiveness means that after any
external action, the organization
implements an appropriate reaction. This
supposes that method, tools and motivation
exist through the chain of activities or the
processes. The ability to react depends
fundamentally on people. The management
of the human resources and of their skills
thus lies at the heart of the theory of
success.

But the action of the external event can be
so strong that the reaction is insufficient or
comes too late. It thus becomes necessary to
develop a Preventive Predictive
Management System to ensure the
adequacy of the resources. This
management system must define preventive
actions in such a way that their presumed
effects will be greater than the effects of
negative events for a program (for example
one year).

The system thus reaches its objectives
within the limits of predictivity of the
management system. To go farther, we can
define a management system of major risks
based on the same principle. We shall
return to this principle using a geometric
Brownian model with jump to model the
activity.

¢) Reliability of the Systems

Real systems have defects. They can
present total or partial breakdowns; they
thus have to send a signal of alert. This alert
system can itself fail, we thus have to be
equipped with a system of periodic external
controls, which aims to check if all the
principles described previously are applied.
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3.2 Five conditions to succeed

This diagram modelizes the successful loop
for a system:

Expected Value
Services

o —_—— ——
Clients for
Prospects Customer

Enterprise
Employees
Providers

mnsfo+a|ion opli+isaﬁon etc.

We thus have 5 criteria to make a
successful system:

1. Responsive Delivering System: in
order to deliver the results the system must
be as responsive for the external requests
(customers, suppliers) as for internal
requests. This is based on the people and
their motivation and the will and skills to
deliver the expected results

2. Measured Alignment System: this
refers to having a measured system driven
by its objectives, measuring the total and
the parts, measuring without bias and
remaining focused on its aims.

3. Predictive System: it anticipates the
results including the effects of risky events
which have been avoided thanks to the
management system. To be preventive or
proactive a predictive management system
(with memory, report, track and forecast
capabilities) integrates into the objectives
the risks which can occur: growth which
does not come, jumps due to unforeseen
events, unexpected growth of a disruptive
element (defects, a competitor innovative
product, etc.). Various approaches make it
possible to act preventively, and we shall
come back to this point in the following
paragraph. There are generally different
time-horizons predictive systems including
the operational one (current management)
and the strategic one used to define the
transformation to drive.



4. Adaptive System: this ensures the
allocation of sufficient resources towards
the chosen activities. In this order it must
be capable of:

- decreasing the resources allocated to
activities which do not grow any more or
which are less profitable: lean-ability

- creating new profitable activities:
innovate-ability (that is based so strongly
on the human resources), that is not only
the capacity to create a product or a service
but to create a new one, adopted by a
generation as a real change.

This enhancement needs two modes:

-continuous optimization (leading to a
continuous growth and a Geometric
Brownian model)

-transformation (leading to jumps in
results and a jump model)

5. Risk management System: Periodic
Control Process and Risk
Management System

Note that this management loop for a
successful ~ system includes all the
stakeholders: customers, employees,
executives, providers etc.

A simple and direct application of this
approach is the building of a leadership
maturity model for scoring the
management of the performance of firms.
This model needs two components:

-the maturity levels: 1 responsive (process
relies on the will of the staff and of
executives) 2 managed (processes) 3
efficient, 4 predictive (results), and level
5 leader (innovative and sustainable leader)
-the five objects to score that are a part of
the performance loop:

1) Strategic alignment: involvement of the
executives in defining and making the
strategy operational

2) processes alignment

3) Value-oriented management (linked to
the value formula):

-customer value oriented
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-economic and operational performance
management

-risk prevention management

4) Management loops:

-optimizing loop (KPI, analysis, action
plan and continuous improvements)
-transformation loop  (strategy, KPI,
transformation and innovation by jump)
-management of skills and incentives

5) IS alignment

Total adapt-ability includes: adapt-ability,
responsiveness of people and IS alignment.
Total Predict-ability includes: Predict-
ability, measure alignment system and risk
management system.

3.3 Focus on the Predictive System

We have established:
dav
A =(gy —AKx)dt+o,db, + (Y —1)
Ak=AEY -1 = (AH\ZV +(@™ - IN[Y
VO VO
AINV Ap°
+(g' -1 +(1-0) £
7 VOU (Pz[i —8x)
Awacc _ (A+wacc— gx)

-(1-9)

‘ ‘ AS,) | At
(wacc— g +0,) (wacc—g, +06y)

=A,

It is better to distinguish the elements
which an enterprise can partially manage
or change from the elements which the
economy or the global market imposes on
them. In the DIVA formula this means
separating for example the effect of the
change in the WACC (due to change in
risk free coming from the global economy)
from the change in productivity ratio due
to the firm.

d7V =(gy — Ak, — Ak, )dt + 0,db,

+(Y, —dN, + (¥, —)dN,,

The DIVA formula shows an asymmetry
of information (and cost of information)
between the firm and the market: the firm
knows before the market its return on its
new investments and on its options.
Nevertheless the two models could be



stochastic models with jumps that differ on
some parameters (the two can anticipate
risk free rate jump for example) and differ
by a delay between the disposal of
information for the firms and disposal of
information for the market.

The firms can use this asymmetry of
information to more strongly ensure the
reaching of their results, or defining the
right commitment level.

As a result, if inside the firm, you define a
growth objective greater than the
commitment , if you limit the variance of
activities (as the Six Sigma approach does)
if you limit the jump risk effects, all that
leads to a higher probability of reaching
the objective. This probability can be
calculated.

Below we give a simple example of
calculation of the probability to reach the
objective for an adaptive and predictive
firm -which can generate an average
growth “a”above the anticipated growth

[P N

g

V(s)
&Y =Target

V(t)

V(t0)

0-2
a(s—t,)——(s—1)
IP(V, > Target) = N( 2 )
oNSs—t

where N is the normal Gaussian integral

- If a=0 then the probability is less than %2
- When o — Othen if a>0 N(+) =1the
target is reached , if a<0 N(—o)=0the
target is not reached

This has to be linked to the Six Sigma
approach.
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- the most important is that as t — s and if
a>0 (and the greater “a” is) thus

N(+) —>1 and the target is surely

reached.

If we were to sum up the 5 conditions
required to succeed into two words, they
would be Predictive and Adaptive. A
predictive an adaptive system “ensures’ (in
the limits of predictivity and adaptability)
the reaching of the objectives.

4. Conclusions:
The following  conclusions could be
drawn:

1) the current expected growth of wealth is
not exclusively the WACC, and it is given
by the DIVA formula. In a static approach
the cost of capital represents both the risk
on the activity (linked to the market risk by
CAPM or APT) and the expected return on
value, whereas in a dynamic approach the
two concepts and their results are generally
very different.

2) the Diva approach is an approach of
sustainable value and wealth created by a
firm, which allows entrepreneurs to link
strategy and operational activities.

3) both enterprises and financial analysts
would benefit from using DIVA jump
models to estimate the value of enterprises
and business units

4) To succeed, enterprise needs to focus
on:

- Predict-ability, measure alignment on
value, and risk management that are given
by this dynamic model

- Adapt-ability which includes innovate-
ability and lean-ability in two modes
(continuous improvement and
transformation by jump).A total adapt-
ability includes the responsiveness of all
the human resources based on their skills
and includes IS alignment.

Thank to this Total Value Management
system the probability to succeed can be
estimated, thereby giving a way to
rationalize investments and activities.



Appendix A: Note on WACC and usual drift of the enterprise value

Formally:

If X and Y and Z are flows with:

Z = X + Y then we have the value equality
V, =V, +V, and the drift equality

;uZVz = Uy Vy +1,Vy

Andv, =y %o _ X

(+a)" (U =8y)
Applications:
The usual leveraged free cash flow is FCF, = FCF,, +tR,D where the unleveraged free cash

flow is defined as the operational free cash flow (t is the tax rate), that is meaning without the
tax savings due to the debt; we note it:

FCF = FCF,

V,=V+tV, then u,V,=uV+tu,V,and uv =pu,V, —tu,v,

We define WACC by: waccV, =4V then vV =pu,V, —tu,V, = waccV,
In one hand because v, =v, +v, then u.V, = uV, +u,V,

U Ve —tu,V, = u Ve +u,V, —tu,V, =waccV,

V. Vv
So wacc = g V—S+(1—t),ud V_d

E E
On the other hand :
= TCF then (u, - g)V, = FCF,
(IUE -8 )

and because uV =pu, V, —tu,V, =waccV,
(Mg -wace)V, =1u,V,
Then (wacc—-g)V, = FCF, —tu,V, = FCF,,
when the risk of bankruptcy is limited.
FCF,  FCF,
(Hg —8)  (wacc—g)
This gives the well-known result that the WACC allowed to deal with project in the same
manner that for the total enterprise without taking into account directly of tax savings due to
the debt (it is implicit).
We have:
FCF" = FCF, = EBITDA — INV — tEBIT
= EBITDA — Tax — INV = EBITDA" — INV
Or still:
FCF’ = FCF, = EBITDA — INV —tEBIT
EBIT(1-1)+ DA— INV = EBITDA" — INV
= EBIT" + DA- INV
(Remark: if during a period investments are near from amortizations (the write-off will be
taken into account) that’s to say: DA = INV
we have:
FCF" = FCF,, = EBIT" + DA— INV )
~ EBIT(1—t) = EBIT"

Thus v, =
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Appendix B: DIVA approximation as a function of V

We will give here the developed demonstration of the formula
The value at time 1 with variation is:
VI =(q" +Aq°)KJ(1-5, —AS, ) +q™ g Ko +q'Ag' K.
o
And for the free cash flow FCE* = (p% — g, + A(p? — g )K = FCE’ (1+M)
(PK - gK)
Or still
, A(p) — g,
FCF = (wacc— g + 8, )V (1+ 2Pk ~8x),

0

(Px —8x)

X A ‘ inv ' !
‘ W =SV A- 8, — A8 ) + 4 g KL + ¢ Mg KL
The wealth is: V;' + FCF® = W or still q

A(py — 8x)

+(wacc— gy + 6, )V, (1 + —K—=K2)
(pK_gK)
Then
A 0
W = (=8 )~ A8, + (-5 )—L5
(Px —8x)
:—(1—§K) A(wacc+3d,) )V00+

(wacc—g, +35,)

inv

g Vi +(q" ~DAg K +(wace— g +8,)VS +(4p")KY)
then:
inv 0
x C 9" —q o, (1=6) 1
W =((1+wacc+ g, ( )+ AP (———+—)
' g o -g) 4

(I+wacc— g, )Py — &x)
(P = gx)(wacc— gy +6;)
Awacc N (" -1

—AJ(

)

-(1-9, , Ag VY
K)(wacc—gK+5K) q° U0
and
inv. _ 0
A z((1+wacc+g;<(q 06] )+

oi

f— ' 0 f— '
Ap’ . ((1+WHCC 8x)  (Pyx—8x)

(Py —8x) (wacc—g, +6y)
(I+wacc—g, )Py —8x)
(p; —g}()(wacc—g}( +0y)

d
-1
Awacc +(q - )

—Ad, (

—(1-6y) Ag WV

(wacc—gYK+5K) q

276



W = (1+wacc)Vy
(qinv _ qU)
And finally we get: q"
()
0
(Apy —q°Ady)
At R
(Px — &x)

8 1< Vo0

+

Ag ;<V00

(1+ wacc — g )V,

Awacc Vo

-(1-9 ,
( K)(wacc—gK+5K) 0

We could write it in different form depending on what we want to make: link with V,'or
link with K

W = (1+wacc)V,

(qinv _qO) .
+708KV00

q
(g’ -1

+ 0

Ag }(Voo

+(Apx Ky —q°ASKy)
" ApeKy(1=6,) A&V, (1-5)
(wacc— g, +3,) (wacc—g, +05;)

Awacc
-(1-6y) , v,
(wacc — g +0y)

Ag

0

0
Note that the important point is to make a limited development of (1+=2)1-5, —AJ,)

Appendix C: Closed developments

If you use a limited development the calculation with its formula will not give the exact
result. To get the exact result we can use what we can call a closed development. For example

if at the first order we have % = 1—¢& then at first order the closed development will be
+&

given by calculating: _ 1 _,_,, [1 —a- 8)}
1+¢& 1+¢

So the closed development at order 2is: 1 _;_, J{ £ }

Atorder 1itis: 1 _,__¢_

1+¢ 1+¢
This formula is right at any level and for several variables. We add that there is one point
very different from a limited development because it is right even if £ (or any variable) is not
small.

We can use this approach with several variables for example we will calculate the closed
development of:
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(IJ“gl —a-g)=((+¢g —&)(1—-a)-¢&;)
I+e&,

+ [order 2 2]
Then by definition of a closed development: [,,4,, > 7] = ( 1)(1 a—£)—((+&-&)1-8)—e)S0
+

1—a)+
[order > 2] =(&, — & )—g2 (I-a)+é,
1+¢,

Remark:
In this approach we have d(xy)=xdy+ydx+dxdy that is close from the stochastic approach in
the case where the correlation between the two variables is 1.

Appendix D: DIVA ina jump model

We have written directly the general formula: d7V =(g, —AKx)dt +o,db, + (Y —1)dN,

We can add simplified formulas to get the components of this formula:

dK
K _(g K_§ )dt"'(dg K_d§ )

dg'K = J.E‘K ng‘K +O-g‘l( dZH'K daK = J(sl( dN(sK + 0-51\’ dZ(sK

de = JPK deK + O-PK dZPK d'uE = J/‘L dN/‘L + O-/“l; dz/‘b

Then we use the generalized Itd formula in order to derivate: V, = (Px — (f‘j’ LS = xK, =gk,
Uy —g'x +§K ) Z

and: dW* = FCF'dt +dV,* where | means the change x is known for all the ratios

dv, V(dK dr_d

X <

I

dxdz dK, dx dK, dz dK, dxdz

SEE S AR LB,

xz K x K z K, xz

t

Weget  FCF'dt =V dt(u, + iy 8- d—g) dv,;” =V di(g + d—g)
dt dt dt

AW’ =V dt(u, + e = (q+‘ji_q) K, = (1+d7q)vt and thus before knowing all the
t qdt
jumping changes

AW = dW* +V dt +V di(u, + dc‘l‘tf )=V then dW =V di(l+u, + dgf )=V dt

aw = (14, + e+ 93y gy ar
dt qdt

where the cost of capital is : IE((u, + dg £Y)
t

+ /1/45 K#E

e +IEU,

which is different from the expected return on value:

dw du, . dgq
IEC) = IE(1+ p, + 21+ 2Ly) -1
(th) ((A+ g P X th))

t
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Abstract:

Financial Analysis is often on an ad-hoc basis and difficult to understand for third parties. The
results of the analysis and the values derived from it therefore often lack confidence. I present
a theoretical model for financial analysis based on the value chain of companies. This helps to
focus on market-induced parameters. The model can be used to derive risky cash flows for
valuation purposes and corporate risk management, as well as to assess different corporate
strategies in time. The model is elaborated in a continuous-time setting with stochastic interest
rates based on the model of Heath, Jarrow, and Morton (1992).
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1. Problem Setting
1.1. Financial Analysis

Financial analysis, e.g. of equity analysts,
often lacks theoretic foundations and a
systematic way to derive valuation results.
Analysts typically focus on a mixture of
accounting measures and cash flows being
assessed based on the analyst’s personal
judgment. From the point of view of
financial economics this is  often
counterintuitive since finance theory has a
long tradition of focusing on cash flows. In
addition to that, the financial analyst often
can not unambiguously recognize the value
drivers of entities. In practice this can be
seen after mergers and acquisitions, when
problems arise to allocate the purchase
price to the assets acquired.

I present a model for the analysis of
entities based on their value drivers. The
financial analyst considers an entity as
simple input-output system. The entity
acquires factors from markets, transforms
then into goods, and sells them again on
markets for goods. Each transaction with
the markets is accompanied by two flows:
One flow represents an exchange of
volumes, the second flow an exchange of
cash. These transactions directly transform
into the cash flows relevant for the entity's
claims, considered by the analyst.

1.2. Production Economics

The volume vector of & factors, ¢” (), is

q" (%)
q" (%)
q' (¥)= : , for ¢* (¥)ell %,
qA(ﬂa—l)
q"(¢,)

with [0 % ::{x cxellx2 0} . Equivalent

to the volume vector, there exists a price
vector on markets

p'(9)=

Also B goods result from the
transformation, with their volume vector
denoted as ¢° (29)

9" ()
CIE(%)
¢“(p)=| * |.for g"(p)els,.
‘]E(¢,3—1)
q“(9,)

Their price vector p” (@) of dimension 3
is

()
(¢,)

’
p

p*(p)=
" (05-1)
" (,)

Factors and goods are noted in non-

negative quantities ¢ (-), ¢ (-)=0. The

entity has a set 7 of possible production
alternatives (Fidre (1988) or Wittmann
(1968)). The setting is based on activity
analysis (Koopmans (1953)). Production,
also called transformation, is therefore
represented by two non-negative vectors

q" (¥)el % and ¢* (@)e”,, with points
(4" (9).4" (@))e T <[ %”. Some general

characteristics hold in this formulation.
There exists at least one production

(4" (9).4" (9))e T, with ¢"(¢,)>0, for

i=1...,B. Also, factors can be wasted
without any resulting good,

(4" (9).0)eT (1)
Secondly, productions do not cancel out,

TN(-T) {0} (2)



This is also denoted irreversibility of
production (Koopmanns (1951a) and
Debreu (1959)). By optimizing
productions, a production theory can be
derived, as commonly assumed in
economic theory. The difference between
cash outflows to markets for factors and
cash inflows from markets for goods
represents the operative cash flow of the
entity considered by the financial analyst
(Shepard (1981)).

2. Economic Assumptions and Basics
2.1. General Assumptions

I apply the assumptions known from
option pricing theory (Dothan (1990)).
Additionally, I assume continuous trading.
For an ordered set of time parameters T it

results T=0, . Any point in time is
denoted t,ell,, further  points

t,...cell, . The trading interval in the

k+c?
economy is [t,.t,]cl .1, <t, and

t...€[t-t,]. The financial analyst
chooses to value in ¢,. The valuation is to

be based on the paradigm of arbitrage-free
and complete markets (Harrison/Kreps
(1979), Harrison/Pliska (1981)).

1

Iy

p(tk’vi’w) = p(t(,,vi)eXp{J-

With the functions a:[t,,7,|xvxQ —[
and g, :[t,,1,]xoxQ -1 F. -adapted, in
(t,,@)€[1,,1,]xQ measurable and in

(t,v,@)€ 1,1, | xVXQ uniformly

bounded and E" (J‘:" [a (s,0, a))]2 ds) < oo,
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2.2. Processes on Markets

2.2.1. Markets for Goods
In the economy exists a probability space

(Q,F,P), with state space Q, a oO-

Algebra F  with measurable sets as
elements and a probability measure Pt, the
real measure. Information is developing by

the filtration F .z, €[z,,2,].

On F,_are 1<¢& <+ independent Wiener
processes

W, (8) W5 () W (1)1, € 1.1, ]
adapted,  beginning  in Z, and

. aw (¢
W (1) = 2 0)
k
A is defined on the Borel o -Algebra B

of J° and B equals the trading interval
[7,,2,]. In the following, we expand the

. The Lebesgue measure

production economy of section 1.2 to a
market economy with price uncertainty.
Firstly, we focus on the price dynamics of
any good. Secondly, goods will be
differentiated to reflect the production
relation of certain entities, being input and
output.

The focus is on a good v,i=1,...,7 of all
market traded goods vell”,y<e&. The
price of a good v, in ¢, and state we Q is
labeled with p(tk,vl.,a)) and follows the

stochastic equation

k{ sl)l,a) Zgj 5,0,0 jds+2j g; sl)l,a) ( )d

for all v,i=1...,y, with the expectation
operator E’(-) under the probability

measure  P. Therefore, the price
p(t.,0,,@) is the solution of the following

stochastic differential equation



£

p(tk’vi’a)):(a(tk’vi’a))"'zgj (tk’vi’a))Wj (tk)]p(tk’vi’a)) (3)

Jj=1

For simplification, a possible convenience
yield is not explicitly considered, but could
be easily taken into consideration. This is
consistent with approaches in the literature,
correcting the drift a(z,,0,w) of the

process assuming a constant convenience
yield (Trigeorgis (1996)).

2.2.2. Financial Market

On the financial market, there exists
uncertainty about the return on default-free
claims. I assume a economy as that of
Heath/Jarrow/Morton
(Heath/Jarrow/Morton (1990) for

representation in 77 =0 ,, in the following
Heath/Jarrow/Morton (1992)). Here, a

continuum of default-free zerobonds with a
value of one Dollar is traded, one bond for

each point in time?,, ,
cell ot €lt.t,].
The price of a zerobond in ¢ with

payment in ¢, is P(t,,t,,, ). For default-

free bonds, it holds P(t,,..t,.)=1 and

simple arbitrage arguments lead to a

positive price, P(t,,t,,,)>0 . Furthermore,

k+c

f(tk’tk+c)_f(t()’ k+c +J-

The forward rate is therefore driven by ¢
Wiener processes and it is assumed that

¢ <é&. The forward curve of 7., from a

starting point ¢, is named f(t,,t,,.). The

functions a(tk,tk+c, ) and gj(tk,tk+c, ),

for ., are assumed to be
{ Ft‘ } —adapted, measurable, and
1e€lty 1, ]
bounded,
.[ZM a (s,tk+c,a))‘ds < o0
fy

k+c’ dS+ZJ- g/
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there exists dlog P(7,.1,,.)/ot,,. , for all

lese € [tk’tn]'

k+c

The continuous forward rate in ¢, for ¢,

is f(t,.t,,.) and can be derived from

X dlog P(t,.t,,.

f (tk’tkﬂ’):_% Joteceltot ],
k+c

(As typically done in the relevant
literature, we omit the dependency on €
in the notation.)

Vi, e [t,t

Then the price of a default-free zerobond
P(tk’tk+c)

Pt ) =exp( [ F (105)ds ) 1, € [1, . € [r0r, )

“)

The spot rate int, , r(t, ), is

r(t)=f(t.1.). V1, €[t,.1,],

and equals the instantaneous forward rate
. The forward rate f(z,,t,,,)
follows an arithmetic Brownian motion.
For 1, € [1,,t,] and some fixed ¢,, € [7,.1,]

in t, for 1,

there is

W, (s)ds. (5)

k+c’

for the drift and the variance is

2 (50, @)ds < +o0,Vj =1,...C.
Additionally,
K (tk) in I

money market account initiating in ¢, with

an accumulation factor

is defined, a default-free

one Dollar,
K(t)= j’k r(s)ds,vt, €[t,t,]

The account K (t) is bounded in [7,.z,],
which is achieved by the assumption of



L:x ‘f (fo,S)‘ds < 400
and for the drift holds
.[tz,, J-:k a (S,t,a))‘dsj'dt < +oo

Regularity of the zerobond is achieved by

Ty 1 2

L I gj(t’s’w)d5:| dt < +oo0

forall 7, €[t,,2,] and j=1,...¢ as well as
zk— Tkte 2

L I, 8;(f,s,w)ds} dt < +oo,

for all t.e€[t,t,].t,.€[t.t,] and
=1,...¢ with the assumption

w1 i (s)as

is continuous for all
t €ttt ett,] and  j=1...C.
Based on these assumptions,

Heath/Jarrow/Morton, show that the price
process of the zerobond with price P(-)

follows (Heath/Jarrow/Morton (1992))
P(t.t,,.) =] r(t,

by applying Ito's Lemma on (6).

In addition to zerobonds, (e—y—{), for

(y+{)<e<eo, further W, assets are
traded on the financial market in the
economy with w,ey,wel 7. This

implies additional price processes to
complete the market setup.

The price processes of the assets represent
autonomous uncertain processes. A price

of one of the ¥, of (¢—y—{) assetsin ¢,
is p(t,,,,®) and follows

lnP( k+c ) lnP( k+( )

+I [r s)+g(s.z,,., ]ds

(6)
A5 Zg lier @

+ilé,-(s,rww)m(s>ds,

with i
g (tk’tk+c’

for j=1,...{ and

_J':“‘ g, (t,.s.w)ds, (7)

_ 1<
g(tk’thrc’a)) tk’s (0 EZ Lo @

j=1

®)

The price of a zerobond P(z,.t,.) is a

solution to the stochastic differential
equation

+g ko lise ]+Zg ol k+c’a))W(tk)’ ©)

Pltv.)=pliyr0less| [ alsyro) -nlsy)

( Zg svfw)J

Jj=1

+zg_,.<s,w,,w)w<s)czs}

Jj=1

with a continuous dividend yield
n(t,,v,,w) for the i-th non default-free

security ¥, in t,. The functions
n(1.y,,0), alt,.y;,0) and g,(1,.¥,,0),

for j=1,...,& are {F

3 }rke[rn,tn] -adapted,

measurable in (z,,@)€[t,,7,]xQ and

(t,,¥,,@)€ [1,,1,] ¥y xQ bounded with

E (J‘; [a(s,wl.,a))—77(s,1/l.,a)):|2 ds) <oo,



for i=1,... The price process

Ee—y—¢(.

for an asset ¥, can be described with the

following stochastic differential equation

p(1¥1.0) =[alt, @) ~(1,.9,,0) | p (1.9, 0)

£

+2.8; (1Y, 0)W

J=1

The price system of processes from the
goods market and the financial market is
completely described. The price of a

zerobond P(t,,t,,.) in ¢, with maturity in

t,,. discounted to 1, is Z(1,.1,.).
Z(t,,t,,,) is defined as
Pt ,t
2o, )= 2he) )

K ()
transforming the drift rate for the price
process of the zerobond. Applying Ito's

Lemma yields for Z(t,,t,,.)

nZ(,.1,,.)=InZ(1, M)
+j k+<
. (12)
__ZI g (s,t,..0 ds
+ZJ. feves Wj (s)ds.

Equation (12) is the solution of

(tk tk+c’a))Z(tk’tk+c)
gA (tk’tk-H’ )v‘./j(tk)z(tk’tk-#(?)'

(13)

Sl

Z(tk’tk+c) =

TMV\

Assuming again a continuous dividend
yield 77(z,,¥,,®) and reinvestment in asset

V.,a Z(tk,l//i,w) of
tsen] [ atsviana] 19

can be derived, omitting dependency on @
for notational simplicity. Present value

Z(t,,¥;) is solution to

Z(tk’l//i)=
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(10)

j(tk)p(tk’l//,-,(l)).

Z(tk’%):(a(tk’w w)=r(t, ))Z(tk’%)
(15)
+Zg, (£)Z(1.¥;).

The price processes of the goods markets
are equivalently transformed as in (11).

The discounted price of each good v,

W)W,

again omitting @, is labeled Z(z,,v.) and
defined as
p (tk U (())

K ()

Z(t,,v,) is solution to

Z(tk’vi):

Z(1,.v,)=[a(t.v.0)-r(1,)]Z(1,.
(16)
V(1) Z(1,.0,).

assumptions

+Zg 1,0,0)W

This completes the and

notation for the markets.
3. Transformation in the Entity
3.1. Entity

I assume our financial analyst under
consideration focuses only one entity. This
is not explicitly mentioned in the notation.
The entity acts in the economy defined
above, with the probability space

(Q,F,P). The financial analyst models

the transformation in that respective entity.
State variables are prices and volumes on
the markets for input and output, as well as
the financial market. Like the financial
analyst, the entity focuses on cash flows.

The entity faces an optimization problem
P if there is more than one control

1y,Xg



function. Therefore, a control function u,
minimizing or maximizing an objective
J(-). This means, stochastic optimization

methods can be applied.lso In general

notation, state variables in
t.€lt,,t,]cl,, follow a [I"-valued
process
x(tk):lu(tk’x(tk)’u(tk’x(tk)))+G(tk’x(tk))W(tk)
(17)
with the continuous functions
wit,t, ]x0"xU - 0" and
o:t,.1,]x0" 0", containing

information about the transformation and
the time value of money, and a p-

dimensional Wiener process. For ease of
notation, equation (17) is shown as

x(t)=u(t,, xu)+o(t,x)W(t,) (18)

since the focus is on controls with a
feedback on x(t,), wu(t,x(z,)). In the

following these are noted by u(z,,x).

Control function u(t,,x) is a stochastic

process and adapted on the o -Algebra,
that is generated by x(s, a)),s <t,.
Equivalently, it could be assumed that the
control function is adapted on the filtration

of the Wiener process Fk . Control function

u(t,,x) is assumed to be independent from

any initial value, depending only on the
state in 7, . The resulting control strategy is
Markov. An admissible control leads to
unique solutions for given initial values of
(17), resulting in state variables with
continuous paths and bounded moments.

The end of the optimization interval can be
derived in multiple different ways. Often it

130 In economic theory, their application has a

long tradition, see e.g. Sethi/Thompson
(1981). For an introduction see
Collatz/Wetterling (1975).

286

is chosen as the value of a state vector x
exiting any open set O c[1", an Optimal
Stopping problem. This may lead to
problems with arbitrage-free assumptions.
In the following, I assume that the
financial analyst considers the whole time

interval [7,,7,]. In company valuation e.g.

an interval [7,,00] is commonly chosen.

s
The cash flow of the respective entity will
later be optimized. To ensure that the value
calculated by the financial analyst equals
its economic value, it has to be assumed
that the entity indeed optimizes its cash
flow function. Additionally, it has to be
verified that the information set of both,
financial analyst and entity, are the same.

3.2. Production Technology

Production technology T represents the set
of all combinations of factors and goods,
the production points. As discussed, these
are known to the entity and the financial
analyst and not subject to uncertainty.
Uncertainty is therefore only inherent in
processes from markets. Factors are
labeled &, for i=1,...,a, goods with ¢,

for j=a+1,...,y—a or j=1,..,5, with
a+ B =y. 1 only consider market related

factors and goods of dimension [17. Non
market related factors and goods are
assumed not to be relevant for the
production technology. I assume that the
entity can store factors and goods. All
factors and goods, as well as production
capacities are divisible.

I assume that the transformation of factors
in goods can be analyzed with linear
elementary technologies (See e.g. Kistner
(1981) or Gale (1960)), representing the
technology set. A good therefore
represents a combination of elementary
technologies. In the following I assume the
technology set to be constant. Therefore
linear autonomous differential equations
can be applied. This can lead to complex
exponential-type functions to represent
transformation of factors in goods.



Additionally, 1 continuously
control functions
u:[to,tn]xD"—>U cl™, as in growth
theory models e.g. Arkin/Evstigneev
(1987) or Kuhbier (1970), or in dynamic
production theory models see e.g. Stoppler
(1975).

assume

3.3. Transformation of Factors in Goods

To represent the analytical framework
easier, I focus on volume processes.
Modeling is done via differential
equations, which are not subject to any
uncertainty since markets are not
considered for explanatory reasons.
Differential equations put time and the
speed of the process in the center. In a
static view, two production processes may
seem identical. This does not hold, in a
dynamic view: Here production time may
contribute to efficiency measures. A faster
process may be considered more efficient
even though it consumes more factors.
Additionally, time is often a relevant part
of the overall production process. This
holds e.g. for vine production where the
ageing process is key for the quality.

Elementary differential equations can be
linked to more complex systems.
Additionally, it is well-known from system

theory that higher order differential
equations can be reduced to first order
systems. Basic modeling reads as

transformation of a factor ¢ to a good ¢,

with an elementary technology without
storage. If this technology can be
controlled, the system state space can be
written as

{QA (t/wﬁl)}
9" (1.9,) '
Defining x(t,)=q"(z,,8) and
x,(t,)=4"(t,,9), the 2-dimensional state

vector x(t,) is
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xl(tk)
X(tk ) ) [xz (tk )}

Control therefore

u(z,,x)
controls volumes of factor x,(z,) and good
x,(t,). This
formulated  activity-based  production

function. The decision of transforming
factors and goods always relates to both

state variables, ¢”(t,,2), and ¢" (¢,,¢,).

function

leads to an implicit

The overall state equation is

{’:ﬁ(&)}z{au a12:||:xl(tk):|+|:b1:|u(tk’x)’(19)
(1) ay @y || X%, (1) b,
for any xl(to)=x1,0,x2(t0)=x2,0 as initial

values and system matrix A, a,,...,d,,

with the elements of the one-dimensional
control matrix B, b, and b,. For constant
technologies, the setting leads to an
autonomous system with constant A and
B . In engineering science, systems of that
category are referred to as P-T, (Schlitt

(1993)). In ¢, there are several admissible

factor-good-combinations as shown in

figure 1 (Stoppler (1975), S. 53.)

X

b b

Figure 1: Factor goods in f,

Differences between entities can lie in the
initial values x, and x,,, but also in

system matrix A and control matrix B.
The outcome is indicated y,(z,) and

y, (2, ). This leads to



e

with matrix C,

an}{%(h)} (20)
Cn ][ X2 (tk)
Ci1s---1Cyy. Matrix C

represents modeling  flexibility, e.g.
differences between state variables can
easily be modeled. Figure 2 graphically
shows the elementary setting.

x(ty)

1 x%(t) xt)

—2/—' )

ue)

Figure 2: One factor — one good

One easily sees in figure 2 the resulting
circle structure. The setting allows full
flexibility for the financial analyst in her
modeling behavior, e.g. path dependencies.
System stability is driven by system matrix
A. Control matrix B also has a direct
impact on production. Differences between
entities can result e.g. from different
degrees of experience, performance of
employees or differences in usage of
capital.

This simple system can now be expanded.
For example two elementary technologies
that are performed in parallel, lead to the
introduction of two intermediate products,

qR(tk,w'i),izl,2, as state variables. Let
good ¢°(t,,¢,) be a function h of both
intermediate goods,
9" (1.9)=h ¢" (1.8,).4" (1,.@,) ], eg.
q" (t.,0)=q"(t,.@,)+q" (t,,@,). If this

is represented via state variables, the vector
of state variables is defined as
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x (1) =q"(1,.)
x,(6,)=q"(1,.0,)
x(t)=4"(1,.@,)
x(t)=4"(t.0)=4"(1,.0,)+ 4" (1,.@,).

For linear additive technologies this could
also be represented in matrix C.
Depending on the technology, systems can
be coupled in any way. For two elementary
technologies e.g., this leads to differential
equations of second order.

X, (tk) =X, (tk)+62x2 (tk)+c3u(tk’x2)’
(21

with constants ¢,c,,c;. Substituting
x, =x(t,)=q"(¢,,@,) the following state

equation results

el S ronen @

Storage equivalently leads to systems of at
minimum second order. The general
structure of a second order system is
shown in figure 3.

5 x4()

21(0) = 5 (t) L J
1 b

1 ()
c I
u(®) . ' v

Figure 3: Second order system

Systems of higher order can also result
from a combination of storage and several
elementary technologies. Let us focus on
the example of one good #% with volume

q"(t.8). Let x,(t,)=¢"(1,.8%), and the

volume of x,(t,)=¢" (t,,8), representing



the amount of the transformed factor ¢}, as

well as x,(z,)=q"(¢,,8), representing the

X, (tk ) a 0 0fx (tk ) b,

(1) [=10 a, Of x(z)|+| 0

i (1) 1 -1 (1) 0
with given initial values

x(1)=q"(1,8) x,(t)=¢" (1,,8) and
x,(t,)=q"(#,,8). Changes in stored
volume x,(7,) in 7, result as difference

between supply and consumption in
transformation.

Storage reveals the problem of restrictions
in storage capacity. These result from
physical restrictions of goods or storage
space, as well as capital requirements. Let
minimal and maximal volumes denoted by

k, and k,. Therefore k' is the minimal

capacity of storage, k. the maximal

capacity. I model this via a cost function to
avoid negative capacities. This results in
easier modeling than e.g. applying
indicator functions, even though stored
volumes are not strictly positive depending
on the assumed cost function. From the
setting an objective function J, the value
function, can be derived. An increase in
capacity can also easily be modeled.
Reasoning alike should also be considered
to model restrictions in production
capacity.

The overall formulation of the entity can
be described as autonomous linear system

%(t,)=Ax(t,)+ Bu(t,.u)
x(t()):xo’

with

x(t,)el”,

u(t,x)eU cl",m<n
AE D nxn

Be D n><m.
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o 5 o

stored amount ¢, the following system
results

ul(tk’xl’XZ’XS)

}, (23)

uz(tk’xl’XZ’x3)

If the outcome is y(7, ), then results

y(tk)=Cx(tk)+Du(tk,x) 24)
with
y(t,)el%0<n
CE D oxXn

Dell ™",

but in general a direct feed through of the
control is not possible. This system is
purely deterministic, since no markets and
their stochastic prices are considered. The
financial analyst has to make sure that
overall modelling fits the technical
specifications.

4. Valuation of Entities
4.1. Decomposition of Entity Values

The entity can decomposed in the value of
factors, goods, and the value of the
controlled entity. I do not focus in splitting
the entity value into the values of equity
and debt. This involves complex
optimization problems and the valuation of
financial options if the assumptions of
Modigliani/Miller do not hold.

In ¢,, entity value can be decomposed in

e the controlled entity value,
VE(t,,x,u),

e value of all factors, V* (t,,x,,9) and
e value of all goods, V" (t,,x,,7).

For value function J(-) there exists an

optimal control function, leading to the
optimally controlled value of the entity

V* (t,,X,,u*) , with a control strategy u*.



This is exclusively focused by the financial
analyst in the following.

An uncontrolled value can be considered
as the value of the entity in asymptotic
stability. This resembles but is not equal to
the terminal value used in the valuation of
equities. The values of factors and goods
result from stability considerations, as
shown later.

4.2. Martingale Measure

A martingale measure for the economy can

be derived as is shown in
Heath/Jarrow/Morton (1992) and
Amin/Jarrow  (1992). The martingale

measure is unique and equivalent to Pt.
Therefore every discounted process Z () is
a martingale. The martingale measure on
(Q,F ) is denoted with Q*, the expected

value E?. Therefore the whole
transformation of the entity and its relation
to the markets can be represented as
martingales.

Let the vector of Z(t,,-) be denoted with
Z(1),

And H (t,) the volatility matrix
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Z(tk’tk+1)

Z(tetiy)
Z(1,.8)

Z(tk’ﬂa)
Z(tk’¢a+1)

Z(tk’(/’y)
Z(tk’lﬂs—y—{)

L Z(tk’wg) _

(25)

Additionally, let G(z,) be the vector of
the transformed drift rates

g(tk’tkﬂ)

g(tk’tk+§)
a(t,.8)-r(t,)

a(t,.8,)-r(t,)
a(tk’¢a+})_r(tk)

a(tk’¢a+y)_r(tk)
a(tk’l//g—;/—{)_ r(t,)

_a(tk’l//g—y—{)_ r(t,)

(26)



gl(tk’tkﬂ) g;(tk’tku) 0 0
gl(tk’tlw—g’) gé‘ (tk’t/H.é‘) O 0
gl(tk’z%) g;(tk’zg) g§+1(tk’z%) gs(tk’ﬂl)
H(l‘ ) gl(tk’zga) g;‘(tk’zga) g§’+1(tk’19a) gs(tk’ﬂa) (27)
k gl(tk’¢a+1) gé‘(tk’¢a+l) g§+1(tk’¢a+1) gs(tk’¢a+l) )
gl(tk’¢a+y) gg’(tk’¢a+y) g§+1(tk’¢a+y) ge(tk’¢a+7)
81 (tk ’Wg—y—{) g;‘ (tk’Wg—y—{) g{+1 (tk’wg—y—{) 8¢ (tk’lllg—y—{)
gl(tk’Wg) g{(tk’lllg) g§+1(tk"//e) gs(tk’Ws)

Matrix H (¢,) is assumed to be regular. In

general notation the state description under
the martingale measure Q* reads as

i(t)=(A+H (t,)W*(t,))x(t,)+Bu(t,.x)
x(t0)=x0,

and is controlled process with the Markov
property. Additionally holds

x(z,)en”,
u(t,x)eU cll",m<n
W(r,)el®

Ael™

Bell ™™

H(t,)el ™.

State variables not subject to uncertainty
have no sensitivity towards the Wiener

process W *, the entry in matrix H is
zero. The state variables of the uncertain
prices do not show any drift. The value
function can in general be formulated as

J:[ty.2,]¥0"xU -0, (28)

we assume a maximization of J (z,,x,,u)

in Bolza form
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J(to,xo,u)=EQ*[K(tn,x)+ t"L(s,x,u)ds}.
(29)

In functions K and L no discounting is
necessary. The functions only aggregate

volume and prices to a cash flow.
Therefore, functions K and L are regular

‘K(tn,x)‘ Sc1(1+|x02)
o +|u,|c2)’

and any constants

‘L(sz,x,u')‘ﬁc1 (1+|x

for u'eU C;,C, .

Unfortunately, this optimization problem
can not be reduced to a linear-quadratic
regulator problem and not be solved e.g.
with a matrix Riccati equation.

4.3. Valuation as Factor or Good

Factors can not contribute to any control
by definition. As state variables they are
objects of control instead. Prices for factors
are non stochastic in #,. Therefore, the

price of a factor (z,,¢,) is

v (to’xo’@) = ‘A]L(to’xo’ﬂ)pA (to’(oi)’
(30)



as simple product of price p”(t,,-) and
modified storage volume §"(z,,-,) in ¢,.
The storage volume §"(t,,x,,¢.) can be

diverging from overall storage volume
since it is based on stability considerations.
To value factors, the system has to be in
asymptotic stability. This may result in
negative values for factors, if additional
volume has to be purchased from markets
to generate asymptotic stability. For
asymptotic stability in the linear case, the
real parts of system matrix A are relevant,
in non-linear cases an analysis can be
based on Ljapunov functions.
Alternatively, one could call for
exponential stability in ¢, .

For practical valuations, it has to be noted,
that additional assumptions have to be
made about the possibility of instantaneous
supply of factors. Alternatively a time
interval necessary to supply from markets
or to sell the factors to the markets has to
be assumed.

The valuation of goods follows an identical
reasoning. First, the system has to be
analyzed for stability. Any excess volume
of goods can be sold to markets, whereas
any necessary volumes have to be
produced or purchased.

4.4. Valuation of Control

I shortly elaborate on the derivation of an
optimal control function. It can be easily
recognized that an optimization in the
current setting is viable based on the
optimality principle of Bellman (See e.g.
Fleming/Soner (1993), @ksendal (2007) or
Schneeweil (1974). In discrete time
Bellman (1957) or (1967a)).

The dynamics
described as

of the entity can be

2(t,)=(A+H (t,)W*(1,)) x(1, )+ Bu(z,,x)
(31)
for 1, € [t,.1,] and given x(7,)=x,, as
well as
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x(z,)en”

u(t,x)eU cll™,m<n
W(t,)el®

Aell™

Be["™

H(t,)el™.

The value function is

J(to,xo,u):EQ*[K(t”,x)+ :" L(s,x,u)|ds},

(32)
with K:U,x0"—=0 and
L:U,,x0"xU -0 that is to be

maximized. The value function also
considers the capacity restrictions for
storage and production capacity. The
optimal value function V' is
Vit,t,]x0" =1

and defined by

V(to’xo) = Sup](to’xo’”)’

uelU

(33)

for all € [z,,1,]. The feedback function
u(t,,x)in t, is a function of state x(z,)

and is Markov. For ue U, this can be
solved for initial values, leading to well-
defined solutions for any 7, €[z,,7,]. An

admissible  function  u(t,,x)eU is

optimal, if J(#,,x,,u)=V(t,,x,) and is

indicated u*(z,,x).

The solution is straight-forward and well-
known in optimization literature (Bellman
(1962), Fleming/Soner (1993), @ksendal
(2007)). Since for the formulation, no
closed-form solution can be found, for
practical purposes, numerical approaches
have to be used. This may sound difficult,
but is widely used in corporate finance.
Company valuations, like the wide-spread
discounted cash flow methods typically
base their results on numerical methods to



derive the cash flows, e.g. planning or
value driver analysis.

5. Conclusion

Assessing the riskiness of corporations is
the key task for financial analysts. Despite
that, we still lack a general theory of
financial analysis. In practice, financial
analysis is often based on the personal
knowledge and experience of the
respective analyst. Financial analysis often
equally weights accounting data and cash
flow data.

In this article 1 presented a model for
financial analysis based on stochastic
calculus and control theory. A company is
modeled as input-output-system acquiring
input factors from markets, transforming
them based on production knowledge, and
selling the resulting goods on output
markets. Based on this simple model, risky
cash flows result either from volumes
traded on markets, their respective prices,
or the production technology itself.

To provide further guidance on practical
applications, I showed potential solutions
in a stochastic interest rate economy based
on the assumptions of
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Heath/Jarrow/Morton. Assuming market
prices driven by Wiener Processes an
equivalent martingale measure can be
derived by applying the theory of (real)
options. The results can then be applied for
simulation and valuation purposes.

The model presented helps to better
understand the value creation and sources
of risk of companies. Traditional corporate
risk models focus on the sources of risk:
Market risks, credit risks, operational risks,
or other business risks. The model
presented rather shows how these relate to
the cash flows of companies and may open
a new strand of research. Operational risks,
e.g. are to a large extent inherent in the
transformation in an entity and cause a
reduced flexibility or wrong decisions in
the company. With the model the link
between market risks and credit risks can
be explained: Companies going bankrupt
because of major price fluctuations on
markets for goods can easily be modeled
and it can be analyzed how a reduction in
wealth is distributed to the provider of
capital. In addition to that, the model puts
an additional layer of rationality into
financial analysis and therefore improving
the credibility of the results.
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Behavioral Finance Component of Market Index
Dynamics

Rossitsa YALAMOVA

Faculty of Management
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Canada

Abstract

Behavioral finance positioned itself in the front line of modern finance utilizing methods from
behavioral science and psychology. An evident deficiency of quantitative methodologies
jeopardizes its advance. It has been attempted to approximate traders’ behavior with a hazard
rate describing an imitation process. Recursive construction of hierarchical diamond lattice is
used to model the interaction process between traders. Two models approximating market
index dynamics to phase transition are used to analyze market indices around crashes. This is
the first paper in a series that will compare the results of different methodologies in
identifying and analyzing log-periodic oscillations or other precursors of market crashes. It
examines the numerical methods reported mainly by physicists and proposes wavelet analysis
as it may increase the robustness of the test and the accuracy of the prediction.

296



1. Introduction

An important topic in the field of finance is
the Efficient Market Hypothesis. Efficient
markets imply the absence of detectable
(and predictable) structure in the market. If
markets are not efficient, then we should
be able to find structure in financial data
and exploit it. While some evidence
against efficiency can be found, empirical
studies generally don’t find structure that is
exploitable.

A basic principle in modeling the stock
market is rationality. Traders in general
exhibit a rational behavior, trying to
optimize their strategies based on the
available information. It is rather “bounded
rationality” since the available information
is incomplete and traders have limited

abilities to process the available
information. The process of decision-
making is essentially “noisy”. As a

consequence stock market modeling with
the application of a probabilistic approach
is unavoidable. Actually, a noise free
market with rational traders of infinite
analyzing abilities would have very little
trading, if any.

Normally functioning financial market
may reveal certain properties common to
complex systems. Complex systems reveal
their structure and organization in highly
stressed  situation  better than in
equilibrium. Works of physicists showed
similarities between stock markets and out
of equilibrium systems. The objective of
this research is to extract important
information about the dynamics of the
stock markets by studying large crashes.
The stock market behavior before a crash
is related to the transient behavior
preceding a final equilibrium state. A crash
maybe caused by local self-reinforcing
imitation between noise traders contrary to
the efficient market assertion that only a
dramatic piece of information can cause a
crash.
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2. Quantifying the behavioral pattern

On the “microscopic” level, the stock
market reveals analogies to statistical
physics and complex systems. The
individual trader faces three possible
choices: sell, buy and wait. The switch
from one state to another is a discontinuous
process when a threshold value is
exceeded. The individual trader observes
the actions of a limited number of actors
and the aggregate response of the market.
Such model brings into life analogies to
dynamically driven out-of-equilibrium
systems.

Sornette & Johansen (2001) propose a
different measure of real market risk,
which is not based on fixed time scale
distribution. These drawdowns are
measured from the local maximum to the
next local minimum. The authors show that
the very large drawdowns belong to a
different class of distribution, e.g. they are
outliers. The distribution of drawdowns
(DD) larger than 1% for Dow Jones
Average in the period 1900 - 1994 fits an
exponential law

According to this equation the three largest
crashes of the last century with DD 2
23.6% should have happened over 180
centuries. The largest crashes are signature
of cooperative behavior with long-term
build-up of correlations between traders.
The underlying assumption in the crash
model is that agents tend to imitate the
opinion of their nearest neighbor. A crash
occurs when everybody has the same
opinion: sell. The hazard rate h(t)
describing an imitation process evolves
according to

@ = Chd
dt

with & > 1



C is a positive constant. Single effective
representative’s behavior is determined by
the average interaction between traders.
The exponent & quantifies the number of
interactions experienced by the
representative trader; & > 1 substantiates a
singularity in finite time. Integration
obtains
h a
)

h(z) =( 0
. —

The critical time t. is determined by the
initial conditions at some origin of time.
The exponential oo must be between 0 and
1 for economic reasons. This means that 2
< 0 < 4w, e.g. a typical trader must be
connected to more than one other trader. It
is hypothesized that according to the
analogy of a critical point in the Ising
model, the hazard rate of crash behaves as
the susceptibility in the neighborhood of
the critical point.

with (ZE;
|

h(t) = BX (t. —t)* (1)
B is a positive constant, o is between 0 and
1, otherwise price would go to infinity
when approaching critical date t.. It should
be mentioned that t. is the mode of the
distribution of the time of the crash. The
probability of a crash near critical date
becomes unbounded. Let Q(7) is the c.d.f.
and ¢(t) = dQ/dt is the p.d.f. of the time of
the crash, then h(t)=q(t)/[1-Q(t)]. The
hazard rate is the probability per unit of
time that the crash will happen in the next
instant. If in crash the price drops by a
fixed percentage k € (0,1), the asset price
dynamics is described by

dp =u(t)p(t)dt —kp(t)dj

The time dependent drift 1(t) = &p(t) for
the martingale condition to hold. The jump
process “J” is equal to zero before the crash
and 1, after the crash. This leads to the

following solution
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t
105{&} = KJ.t h(t')dt' before the crash
p(ty) 1

2)

From (1) and (2) the following equation for
the price is obtained

log[p(t)] = log[p.] — KB/fx(t. — 1 )

where B =1-a e (0, 1) and p, is the price
at the critical time (crash has not been
triggered). The basis of this model is the
grid in the Euclidean plane. More realistic
model would be hierarchical diamond
lattice  reflecting  the  complicated
communications between financial agents.
In order to keep the model simple, the
hierarchical organization is assumed to be
pre-existing, where the action of a trader
influence a limited number of traders of the
same level or below. In this model the
critical exponent can be a complex
number. The first order expansion of the
general solution of the Ising model leads to

h(t) = By (t. —t)* + By (t. —t)® cos[® log (t. —t) + ¢’]

The hazard rate of crash explodes near the
critical date and now it displays log-
periodic oscillations. The price dynamics
before the critical date is given by

log[p(t)] = log[p.] — W/p {Box(t. — t )’ +
Bix(t.—1 ) cos[mlog (t. ) + ¢1}  (3)

¢ is another phase constant.

3. Log periodic oscillations as a
market crash precursory pattern

Johansen et al. (2000) claim that
oscillations appear in the price of the asset
just before the critical date. The local
maxima of the function are separated by
time intervals that tend to zero at t. in
geometric progression (the ratio of
consecutive time intervals is a constant A =
¢”™® Thus, if x represents a distance to the
critical point, the resulting spacing



between consecutive minima x, of the log-
periodic oscillations viewed in the linear
scale follow a geometric contraction
according to the relation:

X+1_X

_Cntl - %n g
Xn+2 - Xn+1

The critical point coincides  with
accumulation of such  oscillations.

Existence of the log-periodic modulations
correcting the structure less power law
behavior was identified in different
systems. Such oscillations are more visible
in actual data than simple power law. If
these oscillations are present, they can be
used to predict the critical time by
extrapolating frequency acceleration. A
system goes critical when local influences
spread over long period; the average state
of the system becomes highly sensitive to a

loglpd = (t.—tf
[p(t)] VI+(t =)
(A

small perturbation, which increases the
correlation between different parts. Critical
systems are self-similar across scale.
Critical self-similarity allows for local
imitation to flow through the scales into
global coordination.

Equation (3) is an approximation valid in
the neighborhood of the critical point.
Sornette & Johansen (97) propose that
large market crashes exhibit analogy to
critical points in statistical physics with
log-periodic corrections to scaling. They
propose a more general formula with
additional degrees of freedom to better
capture the behavior away from the critical
point. It is equivalent to including the next
term in a systematic expansion around the
critical point.

X kI {Bo + B; cos[m log (t. —t) + Au/2P log (1+ Qg;tﬂ3 )+ 0]} (4)

Two new parameters are introduced A; and
Aw. This equation also reflects the fact that
far from the critical point the power law
tapers off and the log-frequency shifts
from (@ + Ay)/2T to /21 as we approach
the critical point. This equation accounts
for a pre-critical regime where prices
oscillate around a constant level with a
different log-periodicity. The
generalization describes prices over a
longer pre-crash period than the original
formula, but again captures the critical
self-organization. For small (t. —t)/A; (4) is
equivalent to (3).

Simple power law:
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(A

log[p(t)] = log[pe] — KB/Bx(t. — t )/ is hard
to distinguish from a non-critical
exponential growth over a few years when
data are noisy. This is why empirical
research is directed to the log-periodic
formulas (3) and (4). Fitting a function to
some data is a minimization algorithm; in
this case it is a downhill simplex
minimization of the variance. First the cost
function should have zero derivative at a
minimum. So, if we rewrite (3) and (4) as
log (p(t)) = A + Bf(t) + Cg(t), then the
three linear equations in A,B,C take the
form:



N[ logpt)) ) N ([ N
| logpw) ft) = X | ity
illogp) gty) 1 g

It can be solved by LU decomposition
algorithm, expressing A, B and C as
functions of the remaining non-linear
variables. The phase ¢ is just a time unit
and PB,o, t. are independent of ¢. So, there
are 3, respectively 5 parameters controlling
the fit. The fitting is preceded by a Taboo
search.

Market in normal times exhibits self-
organization with fat tail distributions,
while criticality describes crashes as events
preceded by increased susceptibility and
pre-cursory signals similar to critical
instability. It is stated that large market
crashes are analogous to critical points in
statistical physics. All the subparts of the
dynamical system respond cooperatively
and the response to a small external
perturbation  becomes infinite.  The
hierarchical model of traders with “crowd”
behavior illustrates the concept of
criticality, where a large proportion of the
actors decide simultaneously to sell their
stocks. The price exhibits power law
dependence, modulated by log-periodic
structures. The “log-periodic” oscillations
are interpreted as precursors to predict the
crash time t;,, the point where these
oscillations accumulate. Sornette at al.
(1996) analyze the behavior of S&P500
before October 1987 market crash and

[ AJou(te —t)® + Cpng () + Chg (1)
C=1
LA /0 (te —t) ™ + C ot (1) + Cog

The first term represents the fluctuation
contribution, the second is the mean field
contribution and the third is the
background. If a crash is predictable as
Sornette et al. (96) suggest, it would be
possible to determine the amplitude AC of
the event. The problem involves
subtraction of the background contribution
Cpe of an index C. Cp, characterizes the

f(t;) gt) ) (A)
fit)y*  ft)g) | . [B |
f(t) gt) gt ) \c)

®
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identify precursory patterns similar to
dynamical critical points. The evolution of
the index, as a function of time, is
represented by a power law.

4. Magnitude of the crash

The following approach is used to model
similarities ~ between  market index
dynamics before a crash and phase
transition and achieves reduction of the
number of free parameters to be estimated.

Vandewalle et al. (98) analyze the
evolution of several financial indices
before the crash of October 1987,

assuming that the crash is similar to a
phase transition and particularly to a
specific heat jump. It is not an attempt to
forecast the crash event but rather to
establish an analogy between the crash and
the jump quantity at a critical point.
Critical ~ exponents are  estimated,
considering the background first. The
assertion of the model is that the amplitude
of the crash can be estimated by assuming
a background that differs from market to
market. The divergence near the crash is
logarithmic over a period of two weeks to
4 years. The specific heat C displays finite
jump AC at phase transition point t,

fort<t.

fort>t,

natural stock market dynamics out of any
euphoric (anomalous) condition. It is an
essential step in phase transitions before
searching for critical exponents.

The natural dynamics of the market index
is defined as an exponential growth with a
slow rate r and time t: Cy, = a exp(rt). At
time t*, a crossover to a high growth rate



occurs. During the period from t* to t.
market shares are overestimated. The
hypothesis that indices recover “natural”
value after crash, allows to estimate the
jump AC. The jump varies from index to
index. The divergence of C close to ft.
relate to critical exponents. Estimates of a
and r for the background fit are obtained
from post crash data as well as data before
t*. The indices are plotted as a function of

(t - t.) after extracting the background
contribution. The logarithmic divergence
holds over a long period (2 weeks to 4
years before t;). A better fit for a
logarithmic divergence may indicate
analogy with Ising model in d = 2. Taking
Cy, into account leads to o = 0 and reduces
the number of free parameters compared to
the previous model

C-Cp=C—-ae”"=A +Bln(t-t)[1+ Dcos(mIn(t - tc) + 0)]

This model introduces the background
contribution. Stock market indices have
different backgrounds. Then the mean field
jump can be estimated. The logarithmic
divergence of indices before the crash
event is a plausible law. This suggests that
Ising-like spin models are relevant to
model financial markets before “crashes”.
The specific heat attains analogy between
phase transition physics and stock market
index.

5. Resummation and renormalization
analysis

The analogy between market crashes and
critical points is probed at an experimental
level with the application of self-similar
analysis of time series in Gluzman &
Yukalov  (97,98). A  resummation
technique of theoretical physics, based on
the algebraic self-similar renormalization
is used to model market dynamics around
crisis. A self-similar evolution is
hypothesized on the basis of a resemblance
between market crisis and critical
phenomena. The conjecture of a collective
“crowd” behavior prevailing near a market
crisis prescribes a superposition of two
types of temporal modes in the market
dynamics. The dominant slow mode

po(t)=Ap=ag, pi(t)=po(t)+A;t

of the Taylor series expansion obtains
algebraic transformation (P;(t,s) = t°p;(t), i

corresponds to the collective behavior and
the fast modes are caused by random
interactions and exogenous impact. The
dominant mode as a result of the collective
behavior characterizes the “rationality” of
agents exhibiting high correlation in their
actions. Development of this type can be
modeled by a self-similar renormalization.
The fast modes may represent stochastic
acts that may reveal hierarchy and might
be the cause of the log-periodic oscillations
observed near a crash. In statistical physics
such patterns of fluctuations are observed
near phase transition.

According to Gluzman & Yukalov (97),
renormalization of asymptotic series can be
used to forecast future values from
historical data. The algebraic self-similar
renormalization is  developed  and
illustrated by several examples from the
stock market time series. It is a variant of
the self-similar approximation theory,
where the asymptotic expansion is
performed with only a few points from the
history. In general the method is based on
reconstructing the value of a function at a
future point from the knowledge of values
for n equidistant successive moments in
the past. The polynomial representation

Pt (1) = pua (1) + Apy

= 1,2,...n-1, s20) raising the powers of the
series and reflecting the impact of more



points from the history. To describe the
system evolution a new variable @ is
introduced and the expansion function
t(@,s) is defined from the equation

Po(ts)=aot =@ = 1(@s)=( @ aop)
An approximation cascade is constructed
with trajectory points yi(@,s) = Pi(t(,s), s).
The self-similarity relation obtains yi,p(Q,s)
= Y¥i(yp(®,s),s) and the local multipliers
m;(t,s) [Qyi(@.8) /0@ o =por, s are
calculated, as s—oo. These multipliers
reveal the effectiveness of the algebraic

1/s

(" de
| ———=x
-J Pi-lUi((P’S)

where the cascade velocity vi(Q,s) = yi(®,s)
- ¥i-1(9,s) and T is the minimal number of
steps to reach the fixed point P;*(t,s). The
first step of the self-similar bootstrap is
completed. The procedure is repeated to
renormalize all polynomials. The resulting
sequence of the self-similar exponential
approximants

transformation. The calculations are
performed on the integral form
(A (A (A, M
f#(t,T1) = Agexp |—texpl—t...exp|—at |||, j=12,....n-1
LA, A \ AL )

should be checked for convergence by

analyzing the corresponding mapping
multipliers.
8 fic*(t,T)
Mk (t’T) =
o f1%(t,1)

From f*(t,1) = ¢ follows t(@) = (A¢/A))
In(@/Ap). Introducing zx(®,T) = fi*(t(P)T)
we may write

r d Zk((p,T) —|
]

| for®(6,T) - Fan™(6T0) | =

Mk (t,’C) = |
| oL}

the
Ta(0).

The above equation defines
corresponding effective time 7T,=
When f,.*(t,7) = f,0*(t,7), it follows

A 1
7 = exp 1T
An—2

n—

min
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An important particular case is when T =1,
then My (t) = Mk (t,1).

If | My (n) | < 1, then the sequence
{fi*(t,1)} is locally stable at t = n, and f;,.
1*(n,1) is to be reasonable approximation
for the function f(t) at t = n. When the
terms f,1*(n,1) and f,,*(@n,1) are
noticeably different it means that the fixed
point has not been reached yet. In this case
a quasifixed point can be located by
imposing the minimal-difference condition

| £t (67) - fao®(t7) |

With 1,= T,(t) in f,;*(t,7), a forecast for
the time t > n will take the form of

fo (1) = fo ¥ (4,Ta(1))

The value of the multiplier represents the
stability of the fixed point

M#,1(t) = V2l M40 (6Ta(1) ) + M a(tT(D)]



The optimal forecast is the one
corresponding to the minimal absolute
value of the multiplier. The idea behind
this model (Gluzman&Yukalov,97,98) is
that “collective coherent behavior” appears
around crisis. This allows the use of self-
similar analysis to reveal patterns of
market movement and forecast crises.
Renormalization group analysis permits
prediction with few data points preceding
the crash.

6. Wavelet analysis

Alternative  descriptions  of  fat-tail
distributions with finite moments are still
far from sufficient for modeling market
moves as “one-point” statistics. Even
correlations and volatilities (two-point
statistics) are still limited in information
content. Using fixed time scale is not
adapted to the real dynamics of price
moves.  Low-order  statistics  with
adjustment to the time scales of the market
might be more efficient description.
Dacorogna et al. (1996) propose to expand
periods of high volatility and contract
those of low volatility. Muzy et al. (2000,
2001) and Breymann et al. (2001) show
that return volatility display long-term
correlations from large to small time
scales. Fixed time scales are not adequate
for capturing the perception of risk and
return. A better insight into the dynamics
of financial markets can be achieved with
time-adaptive framework.

Financial time series analysis in the 80s
typically dealt with daily returns. Price
variations on other time horizons appeal to
the needs of different market actors. The
distribution changes with time are of great
importance and should be examined for
scale invariant statistical quantities. Scale
invariant observables have the same value
at all time resolutions. This may reveal
interesting links between the statistical
behavior of the returns at various scales.
Recent studies have confirmed the
presence of self-similarity and scale
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invariant properties in various markets.
Mantegna and Stanley (1995) present
evidence from S&P500. Zajdenweber

(1994) estimates CAC40, Picket et
al.(1995) examine foreign exchange
markets.

As a linear superposition of translated and
dilated versions of a chosen analyzing
wavelet function, the wavelet transform is
used to analyze multi-scale structure in
nonstationary time series. It provides a
framework for the description of many
time series phenomena due to the finite
support of the analysis function. Wavelet
transformations play a central role in the
study of self-similar signals and systems as
a natural tool for the manipulation of self-
similar or scale-invariant signals.

Wavelet transform is used to perform time
scale analysis. This type of analysis has
been introduced as a way to decompose
signals in both time and scale. In general,
Y is chosen to be well localized in time
and frequency, so that the scale can be
interpreted as an inverse frequency. The
discrete wavelet transform can be used to
obtain a set of wavelet coefficients that
represent time series fluctuations on
different time-scales. The log-variance plot
of the coefficients as a function of a time-
scale index defines data self-affinity. The
two dimensional decomposition of a time
series is specifically designed to detect
local characteristics. This conveys time
and time-scale information as the
analyzing functions display support in time
and frequency. The DWT decomposition
of the p(t) function takes the form

p(t) = 2 cmox Omox (1) + 22 dmk Yk (1)

The first sum in the equation represents the
trend of the time series and the second, the
addition of cycles or detail about the trend
at increasingly smaller time-scales. The
indices m and k indicate the time-scale and
time position of the functions. The discrete
wavelet analysis is in the basis of the



multi-resolution analysis proposed by
Mallat (1989). The time series are
decomposed by scaling  function
(approximation) and by the wavelets
(details). The approximations are the high-
scale, low-frequency part, while the details
are  low-scale, high-frequency. This
decomposition leads to a complete multi-
resolution analysis of the time series.

7. Conclusions

In general the unveiling of a new
phenomenon either results from a strong
theoretical —argument  suggesting its
existence or from compelling experimental
evidence. There 1is no convincing
theoretical model supporting the idea that
crashes are critical points, not even
speaking about log-periodic oscillation.
More work is needed on the experimental
side. The existing literature reveals mainly
the involvement of physicists in this type
of research. The self-organization of the
dynamical system is stressed in a crash
prediction/interpretation. Monitoring log-
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periodic oscillations in an index over a few
year period preceding a correction
indicates the impending rupture event
according to Feigenbaum & Freund
(1997). It follows that a correction due to
unexpected sudden event influencing the
market may not reveal such a precursory
pattern.

Wavelet analysis provides an alternative
way to identify periodicities, non-periodic
cyclicities, intermittencies. Implementing
wavelets and multi-resolution analysis I
expect to detect the log-periodic precursory
patterns of market crashes confirmed by
numerical methods previously. The
Discrete Wavelet Transform and the multi-
resolution analysis will allow me to test the
models of microscopic structure of the
market and trading behavior of the agents,
described in this paper. The idea is not
only to verify the results obtained with
numerical methods but also extend to
additional hypothesis testing, which will be
proposed in the second paper.
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